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EXECUTIVE SUMMARY

Abstracting Gradual Typing (AGT): systematically construct gradually-typed 
languages from statically-typed ones

Semantics satisfy desirable properties (safety, soundness, gradual criteria)

But! saturate programs with runtime checks, no matter how static

Hand-crafted gradual languages sprinkle checks sparsely

Fully static programs have no runtime checks

Question: Can we systematically derive sparse checking regimes?
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GRADUAL TYPING

More
Typed

Less
Typed

Sound Reasoning Principles
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Unityped [Siek and Taha 06] Simple

Unityped [Siek and Taha 08] Subtyping

Unityped [Siek and Vachharajani 08] Hindley/Milner

Simple [Lehman et al. 17] [Dunfield et al. 17] Refinements

Simple [Bañados et al. 14] Type&Effect

Simple [Disney and Flanagan 11] Security

GRADUAL TYPING

More
Typed

Less
Typed
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Unityped [Siek and Taha 06] Simple

Unityped [Siek and Taha 08] Subtyping

Unityped [Siek and Vachharajani 08] Hindley/Milner

Simple [Lehman et al. 17] [Dunfield et al. 17] Refinements

Simple [Bañados et al. 14] Type&Effect

Simple [Disney and Flanagan 11] Security

GRADUAL TYPING

More
Typed

Less
Typed
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“Dynamic”: 
Most Studied



Unityped [Siek and Taha 06] Simple

Unityped [Siek and Taha 08] Subtyping

Unityped [Siek and Vachharajani 08] Hindley/Milner

Simple [Lehman et al. 17] [Dunfield et al. 17] Refinements

Simple [Bañados et al. 14] Type&Effect

Simple [Toro et al. 18] Security

GRADUAL TYPING

More
Typed

Less
Typed
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“Dynamic” is 
Relative 



MIXED PROGRAMMING

7

def f(x:int) = x + 2
def h(g) = g(true)
h(f)



FROM MIXED TO GRADUAL
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def f(x:int) = x + 2
def h(g) = g(true)
h(f)

desugar

[Siek & Taha, 2006]
[Wadler & Findler, 2009]

def f(x:int) = x + 2
def h(g:?) =g(true:?):?
h(f:?)

Imprecise 
Types

? = “The Unknown Type”



STATIC AND GRADUAL TYPES
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Static Types (Type)

Gradual Types (GType)

T ::= B | T ! T
<latexit sha1_base64="gZHFOFGRRiyy9e+5YVWmKFe79Hg="></latexit><latexit sha1_base64="gZHFOFGRRiyy9e+5YVWmKFe79Hg="></latexit><latexit sha1_base64="gZHFOFGRRiyy9e+5YVWmKFe79Hg="></latexit><latexit sha1_base64="gZHFOFGRRiyy9e+5YVWmKFe79Hg="></latexit>

U ::= ? | B | U ! U
<latexit sha1_base64="ZJ5Guc+Mw/vhI9rEvC50vq7CPe0="></latexit><latexit sha1_base64="ZJ5Guc+Mw/vhI9rEvC50vq7CPe0="></latexit><latexit sha1_base64="ZJ5Guc+Mw/vhI9rEvC50vq7CPe0="></latexit><latexit sha1_base64="ZJ5Guc+Mw/vhI9rEvC50vq7CPe0="></latexit>

Type ✓ GType
<latexit sha1_base64="e/FgDIrd2qDUJ5yOBRa9DLeugnI="></latexit><latexit sha1_base64="e/FgDIrd2qDUJ5yOBRa9DLeugnI="></latexit><latexit sha1_base64="e/FgDIrd2qDUJ5yOBRa9DLeugnI="></latexit><latexit sha1_base64="e/FgDIrd2qDUJ5yOBRa9DLeugnI="></latexit>



GRADUAL TYPE PRECISION
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U v U
<latexit sha1_base64="XTiaHkMmxNzAftuZGfso48XqRaY="></latexit><latexit sha1_base64="XTiaHkMmxNzAftuZGfso48XqRaY="></latexit><latexit sha1_base64="XTiaHkMmxNzAftuZGfso48XqRaY="></latexit><latexit sha1_base64="XTiaHkMmxNzAftuZGfso48XqRaY="></latexit>

“Static Type Information” ordering relation

?
<latexit sha1_base64="FBgFTEmoVryr/Xxv7KJqoJ7W0os="></latexit><latexit sha1_base64="FBgFTEmoVryr/Xxv7KJqoJ7W0os="></latexit><latexit sha1_base64="FBgFTEmoVryr/Xxv7KJqoJ7W0os="></latexit><latexit sha1_base64="FBgFTEmoVryr/Xxv7KJqoJ7W0os="></latexit>

? ! ?
<latexit sha1_base64="6fiX1/xG8wNtvY9MG4/mdBui+kM="></latexit><latexit sha1_base64="6fiX1/xG8wNtvY9MG4/mdBui+kM="></latexit><latexit sha1_base64="6fiX1/xG8wNtvY9MG4/mdBui+kM="></latexit><latexit sha1_base64="6fiX1/xG8wNtvY9MG4/mdBui+kM="></latexit>

? ! Bool

<latexit sha1_base64="ELORqM0pMYrV0dffQPxoVzRIt2I="></latexit><latexit sha1_base64="ELORqM0pMYrV0dffQPxoVzRIt2I="></latexit><latexit sha1_base64="ELORqM0pMYrV0dffQPxoVzRIt2I="></latexit><latexit sha1_base64="ELORqM0pMYrV0dffQPxoVzRIt2I="></latexit>

Int ! ?
<latexit sha1_base64="VO7ZCG0PS6W3mI0WjgCPwQwHolM="></latexit><latexit sha1_base64="VO7ZCG0PS6W3mI0WjgCPwQwHolM="></latexit><latexit sha1_base64="VO7ZCG0PS6W3mI0WjgCPwQwHolM="></latexit><latexit sha1_base64="VO7ZCG0PS6W3mI0WjgCPwQwHolM="></latexit>

(Int ! ?) ! Bool

<latexit sha1_base64="aI5Mc4rMQjX9X7NQm1WWnsBSqe4="></latexit><latexit sha1_base64="aI5Mc4rMQjX9X7NQm1WWnsBSqe4="></latexit><latexit sha1_base64="aI5Mc4rMQjX9X7NQm1WWnsBSqe4="></latexit><latexit sha1_base64="aI5Mc4rMQjX9X7NQm1WWnsBSqe4="></latexit>

(Int ! Int) ! Bool

<latexit sha1_base64="XRwW5b4QC4JtPHzENlrqp/bjeT0="></latexit><latexit sha1_base64="XRwW5b4QC4JtPHzENlrqp/bjeT0="></latexit><latexit sha1_base64="XRwW5b4QC4JtPHzENlrqp/bjeT0="></latexit><latexit sha1_base64="XRwW5b4QC4JtPHzENlrqp/bjeT0="></latexit>

Int ! Int ! ?
<latexit sha1_base64="brDRqC+qPuJNwzSnHHRE4/IoIiA="></latexit><latexit sha1_base64="brDRqC+qPuJNwzSnHHRE4/IoIiA="></latexit><latexit sha1_base64="brDRqC+qPuJNwzSnHHRE4/IoIiA="></latexit><latexit sha1_base64="brDRqC+qPuJNwzSnHHRE4/IoIiA="></latexit>

Int ! Int ! Int ! ?
<latexit sha1_base64="7VGGsWN8/IYHLbJLDuo8WWLacTA="></latexit><latexit sha1_base64="7VGGsWN8/IYHLbJLDuo8WWLacTA="></latexit><latexit sha1_base64="7VGGsWN8/IYHLbJLDuo8WWLacTA="></latexit><latexit sha1_base64="7VGGsWN8/IYHLbJLDuo8WWLacTA="></latexit>

. . .
<latexit sha1_base64="ao8Tre9cMpTzv//wHNi7bhkwi1A="></latexit><latexit sha1_base64="ao8Tre9cMpTzv//wHNi7bhkwi1A="></latexit><latexit sha1_base64="ao8Tre9cMpTzv//wHNi7bhkwi1A="></latexit><latexit sha1_base64="ao8Tre9cMpTzv//wHNi7bhkwi1A="></latexit>



CONSISTENT LIFTING(*)

11

U1 ⇠ U2
<latexit sha1_base64="GomQq0H+5QmCI7aRFG9VR8FchMA="></latexit><latexit sha1_base64="GomQq0H+5QmCI7aRFG9VR8FchMA="></latexit><latexit sha1_base64="GomQq0H+5QmCI7aRFG9VR8FchMA="></latexit><latexit sha1_base64="GomQq0H+5QmCI7aRFG9VR8FchMA="></latexit>

T1 = T2
<latexit sha1_base64="H6Jf2x3rPpsnrp+1DR0vkd0yqJU="></latexit><latexit sha1_base64="H6Jf2x3rPpsnrp+1DR0vkd0yqJU="></latexit><latexit sha1_base64="H6Jf2x3rPpsnrp+1DR0vkd0yqJU="></latexit><latexit sha1_base64="H6Jf2x3rPpsnrp+1DR0vkd0yqJU="></latexit>

v <latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit>v <latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit>

if and only if

For some T1 and T2

Gradual Type
 Consistency

Static Type
 Equality

(*) Reformulation of original definition



STATIC CHECKING
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static type equality

Int = Int

Bool = Bool

Int ! Bool 6= Bool ! Int

Int ⇠ Int

Bool ⇠ Bool

Int ! Bool 6⇠ Bool ! Int

? ⇠ Bool

? ! Bool ⇠ Bool ! ?

Consistency conservatively extends equality

gradual type consistency

extend



CONSISTENT LIFTING
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v <latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit>v <latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit>

if and only if

For some T1 and T2

Consistent
 Subtyping

Static
 SubtypingT1 <: T2

<latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit><latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit><latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit><latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit>

U1 . U2
<latexit sha1_base64="EhcSzRVYUzb3pFiswScZdarUQVU="></latexit><latexit sha1_base64="EhcSzRVYUzb3pFiswScZdarUQVU="></latexit><latexit sha1_base64="EhcSzRVYUzb3pFiswScZdarUQVU="></latexit><latexit sha1_base64="EhcSzRVYUzb3pFiswScZdarUQVU="></latexit>



CONSISTENT LIFTING
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Int . Int
<latexit sha1_base64="0aIwYvH9Cufn0xw1Xe83llvz+UQ="></latexit><latexit sha1_base64="0aIwYvH9Cufn0xw1Xe83llvz+UQ="></latexit><latexit sha1_base64="0aIwYvH9Cufn0xw1Xe83llvz+UQ="></latexit><latexit sha1_base64="0aIwYvH9Cufn0xw1Xe83llvz+UQ="></latexit>

Int 6. Bool

<latexit sha1_base64="W+ZZsrcG9wfiiRgzNyursqPffMA="></latexit><latexit sha1_base64="W+ZZsrcG9wfiiRgzNyursqPffMA="></latexit><latexit sha1_base64="W+ZZsrcG9wfiiRgzNyursqPffMA="></latexit><latexit sha1_base64="W+ZZsrcG9wfiiRgzNyursqPffMA="></latexit>

Int . >
<latexit sha1_base64="ryMGTvcSkXW5op8/kHepeJbHpMk="></latexit><latexit sha1_base64="ryMGTvcSkXW5op8/kHepeJbHpMk="></latexit><latexit sha1_base64="ryMGTvcSkXW5op8/kHepeJbHpMk="></latexit><latexit sha1_base64="ryMGTvcSkXW5op8/kHepeJbHpMk="></latexit>

> 6. Int
<latexit sha1_base64="HAM9YJTkBPcnMR9gFMKtoV/7FRU="></latexit><latexit sha1_base64="HAM9YJTkBPcnMR9gFMKtoV/7FRU="></latexit><latexit sha1_base64="HAM9YJTkBPcnMR9gFMKtoV/7FRU="></latexit><latexit sha1_base64="HAM9YJTkBPcnMR9gFMKtoV/7FRU="></latexit>

Int . ?
<latexit sha1_base64="5/tSn/aBQruoKYp0NGmdce5ziCo="></latexit><latexit sha1_base64="5/tSn/aBQruoKYp0NGmdce5ziCo="></latexit><latexit sha1_base64="5/tSn/aBQruoKYp0NGmdce5ziCo="></latexit><latexit sha1_base64="5/tSn/aBQruoKYp0NGmdce5ziCo="></latexit>

? . Int
<latexit sha1_base64="dEdVzfqZZnzEhL+SO8ujGScjOX8="></latexit><latexit sha1_base64="dEdVzfqZZnzEhL+SO8ujGScjOX8="></latexit><latexit sha1_base64="dEdVzfqZZnzEhL+SO8ujGScjOX8="></latexit><latexit sha1_base64="dEdVzfqZZnzEhL+SO8ujGScjOX8="></latexit>

Conservatively
Extends

<:

“unknown” 
 is not the
“top” type



LIFT TYPING RULES
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� ` t1 : T1 T1 = Int
� ` t2 : T2 T2 = Int

� ` t1 + t2 : Int
<latexit sha1_base64="ZXCoe37s/9R3LMM4ZYqua5P2vgY="></latexit><latexit sha1_base64="ZXCoe37s/9R3LMM4ZYqua5P2vgY="></latexit><latexit sha1_base64="ZXCoe37s/9R3LMM4ZYqua5P2vgY="></latexit><latexit sha1_base64="ZXCoe37s/9R3LMM4ZYqua5P2vgY="></latexit>

� ` t1 : U1 U1 ⇠ Int
� ` t2 : U2 U2 ⇠ Int

� ` t1 + t2 : Int
<latexit sha1_base64="m0+btmm45d6J6R4Fyyy1wd/JIg0="></latexit><latexit sha1_base64="m0+btmm45d6J6R4Fyyy1wd/JIg0="></latexit><latexit sha1_base64="m0+btmm45d6J6R4Fyyy1wd/JIg0="></latexit><latexit sha1_base64="m0+btmm45d6J6R4Fyyy1wd/JIg0="></latexit>

Static Type System Gradual Type System



CLASSIC DYNAMIC SEMANTICS
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Source Language

Instrumentation Language

Type-Directed
 Translation

Runtime
 Checking

Static
 Checking

“Cast Calculus”



THE JOY OF NOT THINKING
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"It is a profoundly erroneous truism, repeated by all copy-books and 
by eminent people when they are making speeches, that we should 
cultivate the habit of thinking of what we are doing.  The precise 

opposite is the case.  Civilization advances by extending the number 
of important operations which we can perform without thinking 
about them.  Operations of thought are like cavalry charges in a 

battle---they are strictly limited in number, they require fresh horses, 
and must only be made at decisive moments."

Alfred North Whitehead. "An Introduction to Mathematics"
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Abstracting Gradual Typing

Ronald Garcia ⇤ Alison M. Clark †
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Éric Tanter ‡

PLEIAD Laboratory
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Abstract
Language researchers and designers have extended a wide vari-
ety of type systems to support gradual typing, which enables lan-
guages to seamlessly combine dynamic and static checking. These
efforts consistently demonstrate that designing a satisfactory grad-
ual counterpart to a static type system is challenging, and this chal-
lenge only increases with the sophistication of the type system.
Gradual type system designers need more formal tools to help them
conceptualize, structure, and evaluate their designs.

In this paper, we propose a new formal foundation for grad-
ual typing, drawing on principles from abstract interpretation to
give gradual types a semantics in terms of pre-existing static types.
Abstracting Gradual Typing (AGT for short) yields a formal ac-
count of consistency—one of the cornerstones of the gradual typing
approach—that subsumes existing notions of consistency, which
were developed through intuition and ad hoc reasoning.

Given a syntax-directed static typing judgment, the AGT ap-
proach induces a corresponding gradual typing judgment. Then
the type safety proof for the underlying static discipline induces
a dynamic semantics for gradual programs defined over source-
language typing derivations. The AGT approach does not resort to
an externally justified cast calculus: instead, run-time checks nat-
urally arise by deducing evidence for consistent judgments during
proof reduction.

To illustrate the approach, we develop a novel gradually-typed
counterpart for a language with record subtyping. Gradual lan-
guages designed with the AGT approach satisfy by construction the
refined criteria for gradual typing set forth by Siek and colleagues.

Categories and Subject Descriptors D.3.1 [Software]: Program-
ming Languages—Formal Definitions and Theory

Keywords gradual typing; abstract interpretation; subtyping

⇤ Partially funded by an NSERC Discovery Grant
† Funded by an NSERC Undergraduate Student Research Award
‡ Partially funded by Fondecyt Project 1150017

1. Introduction
Software developers and researchers alike see great promise in pro-
gramming languages that seamlessly combine static and dynamic
checking of program properties. One particularly promising and
vibrant line of work in this vein is gradual typing (Siek and Taha
2006). Gradual typing integrates an unknown type ? and a notion
of type consistency into a pre-existing static type system. These
concepts lay the groundwork for designing languages that support
fully dynamic checking, fully static checking, and any point on the
continuum, while supporting incremental migration in either direc-
tion. Programmers using such languages enjoy a number of prop-
erties that are central to this language design discipline including
complete control over how much checking is done statically versus
dynamically.

Researchers have developed gradually typed variants for a sub-
stantial breadth of languages, including object-oriented (Siek and
Taha 2007; Takikawa et al. 2012), typestates (Garcia et al. 2014;
Wolff et al. 2011), ownership types (Sergey and Clarke 2012), se-
curity typing (Disney and Flanagan 2011; Fennell and Thiemann
2013), and effects (Bañados Schwerter et al. 2014). Despite these
successes, gradual typing faces important challenges. One key chal-
lenge is that its foundations are still somewhat murky. The above
wide-ranging efforts to adapt gradual typing to new typing disci-
plines consistently demonstrate that designing a satisfactory grad-
ually typed language becomes more difficult as the type system
increases in sophistication.

One consistent challenge that arises during efforts to gradual-
ize new type systems is how to adapt Siek and Taha’s notion of
consistency to new rich typing disciplines. The original work mo-
tivates consistency based on intuitions that ring true in the sim-
ple cases, but become more difficult to adapt as type systems get
more complex. Some of the aforementioned papers develop new
notions of consistency that can only be justified by appealing to
intuitions about the broader meaning of consistency (Sergey and
Clarke 2012; Siek and Taha 2007). Others avoid the issue alto-
gether by focusing on user-inserted casts (Disney and Flanagan
2011; Fennell and Thiemann 2013). Furthermore, developing dy-
namic semantics for gradually typed languages has typically in-
volved the design of an independent cast calculus that is peripher-
ally related to the source language, but its dynamics are also driven
mostly by intuition and inspiration from other checking disciplines,
e.g., (Findler and Felleisen 2002).

This paper addresses these challenges directly by developing
a new foundation for gradual typing. A particularly promising ap-
proach to such a foundation is hinted at by Bañados Schwerter et al.
(2014) who justify the design of a gradual effect framework by ap-
pealing to abstract interpretation (Cousot and Cousot 1977) to give
a direct interpretation to unknown effects, and from there derive
definitions for requisite notions of consistency. Inspired by that suc-

POPL 2016

static type system &
type safety proof

interpretation of 
gradual types

gradual language

TYPE
SYSTEM

DYNAMIC
SEMANTICS



SEMANTICS OF GRADUAL TYPES
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e.g.,

�(Int) = { Int }
�(Int !?) = { Int ! T | T 2 Type }

�(?) = Type

Concretization Function

� : GType ! P+(Type)
<latexit sha1_base64="uQ7HYbVhzOWz8ehtwm6gaKAq4Sc="></latexit><latexit sha1_base64="uQ7HYbVhzOWz8ehtwm6gaKAq4Sc="></latexit><latexit sha1_base64="uQ7HYbVhzOWz8ehtwm6gaKAq4Sc="></latexit><latexit sha1_base64="uQ7HYbVhzOWz8ehtwm6gaKAq4Sc="></latexit>

U1 v U2 ⌘ �(U1) ✓ �(U2)
<latexit sha1_base64="gwagNhAt5TZrM9QhN4GEo1mbJKQ="></latexit><latexit sha1_base64="gwagNhAt5TZrM9QhN4GEo1mbJKQ="></latexit><latexit sha1_base64="gwagNhAt5TZrM9QhN4GEo1mbJKQ="></latexit><latexit sha1_base64="gwagNhAt5TZrM9QhN4GEo1mbJKQ="></latexit>



SEMANTICS OF GRADUAL TYPES
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e.g.,

Abstraction Function
(induced by Concretization)

↵ : P+(Type) ! GType
<latexit sha1_base64="LaZ8EVX8JLnKAAZs68ayqef7VV0="></latexit><latexit sha1_base64="LaZ8EVX8JLnKAAZs68ayqef7VV0="></latexit><latexit sha1_base64="LaZ8EVX8JLnKAAZs68ayqef7VV0="></latexit><latexit sha1_base64="LaZ8EVX8JLnKAAZs68ayqef7VV0="></latexit>

↵(�(U)) = U

↵({ Int, Bool }) = ?

↵({ Int ! Int, Bool ! Int }) = ? ! Int

<latexit sha1_base64="VAbh/UR7rYQZ4Uwa89zsNdnqfEU="></latexit><latexit sha1_base64="VAbh/UR7rYQZ4Uwa89zsNdnqfEU="></latexit><latexit sha1_base64="VAbh/UR7rYQZ4Uwa89zsNdnqfEU="></latexit><latexit sha1_base64="VAbh/UR7rYQZ4Uwa89zsNdnqfEU="></latexit>

U1
e

<
:

U2 = ↵(�(U1) <
:⇤

�(U2))
<latexit sha1_base64="5rZm4TqXshI8Ozo9ShhbuW7Zxj8="></latexit><latexit sha1_base64="5rZm4TqXshI8Ozo9ShhbuW7Zxj8="></latexit><latexit sha1_base64="5rZm4TqXshI8Ozo9ShhbuW7Zxj8="></latexit><latexit sha1_base64="5rZm4TqXshI8Ozo9ShhbuW7Zxj8="></latexit>



CLASSIC DYNAMIC SEMANTICS
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Source Language

Instrumentation Language

Type-Directed
 Translation

Runtime
 Checking

Static
 Checking

“Cast Calculus”



AGT DYNAMIC SEMANTICS
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t
<latexit sha1_base64="DGfagAc8HzjVnMWEhXXiuWbwX/8="></latexit><latexit sha1_base64="DGfagAc8HzjVnMWEhXXiuWbwX/8="></latexit><latexit sha1_base64="DGfagAc8HzjVnMWEhXXiuWbwX/8="></latexit><latexit sha1_base64="DGfagAc8HzjVnMWEhXXiuWbwX/8="></latexit>

Type Check ` t : T

D

“Instrumentation Language”



(SUBJECT) REDUCTION

t 7�! t0

D D0=)

reasoning about types,
e.g., transitivity of subtyping

23

Preservation Theorem:

T1 <: T2

T2 <: T3

T1 <: T3

` t : T ` t0 : T



REDUCE TYPE DERIVATIONS!

D D0=)

consistent subtyping is not transitive!

24
Int . ? and ? . Bool but Int 6. Bool

U2 . U3
<latexit sha1_base64="47NDFBf2y6K338e8OXNPnMc9KtQ="></latexit><latexit sha1_base64="47NDFBf2y6K338e8OXNPnMc9KtQ="></latexit><latexit sha1_base64="47NDFBf2y6K338e8OXNPnMc9KtQ="></latexit><latexit sha1_base64="47NDFBf2y6K338e8OXNPnMc9KtQ="></latexit>

U1 . U2
<latexit sha1_base64="J0Wzh+DO+o/bJx7VMZcYu5krmwM="></latexit><latexit sha1_base64="J0Wzh+DO+o/bJx7VMZcYu5krmwM="></latexit><latexit sha1_base64="J0Wzh+DO+o/bJx7VMZcYu5krmwM="></latexit><latexit sha1_base64="J0Wzh+DO+o/bJx7VMZcYu5krmwM="></latexit>

U1 . U3
<latexit sha1_base64="GpNUi2//IFo9YY2XwwDSsGUdNUA="></latexit><latexit sha1_base64="GpNUi2//IFo9YY2XwwDSsGUdNUA="></latexit><latexit sha1_base64="GpNUi2//IFo9YY2XwwDSsGUdNUA="></latexit><latexit sha1_base64="GpNUi2//IFo9YY2XwwDSsGUdNUA="></latexit>

` t : U
<latexit sha1_base64="lYDsVjVkc77xlAmSSZROy4HaDyo="></latexit><latexit sha1_base64="lYDsVjVkc77xlAmSSZROy4HaDyo="></latexit><latexit sha1_base64="lYDsVjVkc77xlAmSSZROy4HaDyo="></latexit><latexit sha1_base64="lYDsVjVkc77xlAmSSZROy4HaDyo="></latexit>

` t0 : U
<latexit sha1_base64="JrERxsfJ0mfhrC3zL3yuQQ1GQXs="></latexit><latexit sha1_base64="JrERxsfJ0mfhrC3zL3yuQQ1GQXs="></latexit><latexit sha1_base64="JrERxsfJ0mfhrC3zL3yuQQ1GQXs="></latexit><latexit sha1_base64="JrERxsfJ0mfhrC3zL3yuQQ1GQXs="></latexit>
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U2 . U3
<latexit sha1_base64="47NDFBf2y6K338e8OXNPnMc9KtQ="></latexit><latexit sha1_base64="47NDFBf2y6K338e8OXNPnMc9KtQ="></latexit><latexit sha1_base64="47NDFBf2y6K338e8OXNPnMc9KtQ="></latexit><latexit sha1_base64="47NDFBf2y6K338e8OXNPnMc9KtQ="></latexit>

U1 . U2
<latexit sha1_base64="J0Wzh+DO+o/bJx7VMZcYu5krmwM="></latexit><latexit sha1_base64="J0Wzh+DO+o/bJx7VMZcYu5krmwM="></latexit><latexit sha1_base64="J0Wzh+DO+o/bJx7VMZcYu5krmwM="></latexit><latexit sha1_base64="J0Wzh+DO+o/bJx7VMZcYu5krmwM="></latexit>

"12 ` U1 . U2
<latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit>

` t : U
<latexit sha1_base64="lYDsVjVkc77xlAmSSZROy4HaDyo="></latexit><latexit sha1_base64="lYDsVjVkc77xlAmSSZROy4HaDyo="></latexit><latexit sha1_base64="lYDsVjVkc77xlAmSSZROy4HaDyo="></latexit><latexit sha1_base64="lYDsVjVkc77xlAmSSZROy4HaDyo="></latexit>



"12 ` U1 . U2
<latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit>

INITIAL EVIDENCE

Corresponds to Threesome 
middle type

[Siek & Wadler, 2010]
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U1 . U2
<latexit sha1_base64="Gp9NnE+Stx5ubOqmsF8Oj4IOoUs="></latexit><latexit sha1_base64="Gp9NnE+Stx5ubOqmsF8Oj4IOoUs="></latexit><latexit sha1_base64="Gp9NnE+Stx5ubOqmsF8Oj4IOoUs="></latexit><latexit sha1_base64="Gp9NnE+Stx5ubOqmsF8Oj4IOoUs="></latexit>

hU 0
1, U

0
2i

<latexit sha1_base64="JDWrXqPBJ6fejMloR7h9mMr2r2A="></latexit><latexit sha1_base64="JDWrXqPBJ6fejMloR7h9mMr2r2A="></latexit><latexit sha1_base64="JDWrXqPBJ6fejMloR7h9mMr2r2A="></latexit><latexit sha1_base64="JDWrXqPBJ6fejMloR7h9mMr2r2A="></latexit>



"12 ` U1 . U2
<latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit>
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hU 0
1, U

0
2i

<latexit sha1_base64="JDWrXqPBJ6fejMloR7h9mMr2r2A="></latexit><latexit sha1_base64="JDWrXqPBJ6fejMloR7h9mMr2r2A="></latexit><latexit sha1_base64="JDWrXqPBJ6fejMloR7h9mMr2r2A="></latexit><latexit sha1_base64="JDWrXqPBJ6fejMloR7h9mMr2r2A="></latexit>

` t : U
<latexit sha1_base64="lYDsVjVkc77xlAmSSZROy4HaDyo="></latexit><latexit sha1_base64="lYDsVjVkc77xlAmSSZROy4HaDyo="></latexit><latexit sha1_base64="lYDsVjVkc77xlAmSSZROy4HaDyo="></latexit><latexit sha1_base64="lYDsVjVkc77xlAmSSZROy4HaDyo="></latexit>

"23 ` U2 . U3
<latexit sha1_base64="nt0hSyG56CXrD5iHvh98tkxoJ9E="></latexit><latexit sha1_base64="nt0hSyG56CXrD5iHvh98tkxoJ9E="></latexit><latexit sha1_base64="nt0hSyG56CXrD5iHvh98tkxoJ9E="></latexit><latexit sha1_base64="nt0hSyG56CXrD5iHvh98tkxoJ9E="></latexit>

U2 . U3
<latexit sha1_base64="47NDFBf2y6K338e8OXNPnMc9KtQ="></latexit><latexit sha1_base64="47NDFBf2y6K338e8OXNPnMc9KtQ="></latexit><latexit sha1_base64="47NDFBf2y6K338e8OXNPnMc9KtQ="></latexit><latexit sha1_base64="47NDFBf2y6K338e8OXNPnMc9KtQ="></latexit>

U1 . U2
<latexit sha1_base64="J0Wzh+DO+o/bJx7VMZcYu5krmwM="></latexit><latexit sha1_base64="J0Wzh+DO+o/bJx7VMZcYu5krmwM="></latexit><latexit sha1_base64="J0Wzh+DO+o/bJx7VMZcYu5krmwM="></latexit><latexit sha1_base64="J0Wzh+DO+o/bJx7VMZcYu5krmwM="></latexit>



consistent transitivity

CONSISTENT TRANSITIVITY

D0D

refutation
(“cast error”)
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"12 �<: "23

` t : U
<latexit sha1_base64="lYDsVjVkc77xlAmSSZROy4HaDyo="></latexit><latexit sha1_base64="lYDsVjVkc77xlAmSSZROy4HaDyo="></latexit><latexit sha1_base64="lYDsVjVkc77xlAmSSZROy4HaDyo="></latexit><latexit sha1_base64="lYDsVjVkc77xlAmSSZROy4HaDyo="></latexit>

` t0 : U
<latexit sha1_base64="JrERxsfJ0mfhrC3zL3yuQQ1GQXs="></latexit><latexit sha1_base64="JrERxsfJ0mfhrC3zL3yuQQ1GQXs="></latexit><latexit sha1_base64="JrERxsfJ0mfhrC3zL3yuQQ1GQXs="></latexit><latexit sha1_base64="JrERxsfJ0mfhrC3zL3yuQQ1GQXs="></latexit>

"12 ` U1 . U2
<latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit>

"23 ` U2 . U3
<latexit sha1_base64="nt0hSyG56CXrD5iHvh98tkxoJ9E="></latexit><latexit sha1_base64="nt0hSyG56CXrD5iHvh98tkxoJ9E="></latexit><latexit sha1_base64="nt0hSyG56CXrD5iHvh98tkxoJ9E="></latexit><latexit sha1_base64="nt0hSyG56CXrD5iHvh98tkxoJ9E="></latexit>

"13 ` U1 . U3
<latexit sha1_base64="sT84eGpKXY67XkcJNRen5V/4Q+I="></latexit><latexit sha1_base64="sT84eGpKXY67XkcJNRen5V/4Q+I="></latexit><latexit sha1_base64="sT84eGpKXY67XkcJNRen5V/4Q+I="></latexit><latexit sha1_base64="sT84eGpKXY67XkcJNRen5V/4Q+I="></latexit>
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t
<latexit sha1_base64="DGfagAc8HzjVnMWEhXXiuWbwX/8="></latexit><latexit sha1_base64="DGfagAc8HzjVnMWEhXXiuWbwX/8="></latexit><latexit sha1_base64="DGfagAc8HzjVnMWEhXXiuWbwX/8="></latexit><latexit sha1_base64="DGfagAc8HzjVnMWEhXXiuWbwX/8="></latexit>

Type Check ` t : T

D

“Instrumentation Language”
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(eTx) x : eT 2 �

� ` x : eT
(eTn)

� ` n : Int
(eTb)

� ` b : Bool

(eT app)
� ` et1 : eT1 � ` et2 : eT2 e

T2 ⇠ g
dom(eT1)

� ` et1 et2 :›cod(eT1)

(eT+)
� ` et1 : eT1 � ` et2 : eT2 e

T1 ⇠ Int

e
T2 ⇠ Int

� ` et1 +e
t2 : Int

(eT if)
� ` et1 : eT1 � ` et2 : eT2 � ` et3 : eT3 e

T1 ⇠ Bool

� ` if

e
t1 then

e
t2 else

e
t3 : eT2 u e

T3

(eT�)
�, x : eT1 ` et : eT2

� ` (�x : eT1.et) : eT1 ! e
T2

(eT::) � ` et : eT e
T ⇠ e

T1

� ` (et :: eT1) : eT1

g
dom : GTYPE * GTYPE

g
dom(eT1 ! e

T2) = e
T1

g
dom(?) = ?

g
dom(eT ) undefined otherwise

›
cod : GTYPE * GTYPE

›
cod(eT1 ! e

T2) = e
T2

›
cod(?) = ?

›
cod(eT ) undefined otherwise

Figure 2. GTFL: Type System

lifting ÛF : P(TYPE)2 ! P(TYPE) as follows:

Û
F (ÛT1, ÛT2) = {F (T1, T2) | hT1, T2i 2 ÛT1 ⇥ ÛT2 } .

We generalize to finite arity functions F : TYPEn

* TYPE.

We apply the original partial function pointwise to the collection
of corresponding static types, ignoring cases where the function is
not defined, to produce the set of possible results. If the function is
undefined for the entire collection, then the result is the empty set.

As a first example, the collecting lifting of the codomain func-
tion cod is defined as ĉod(ÛT ) = {T2 | T1 ! T2 2 ÛT }. This
means that, for instance, ĉod(TYPE) = TYPE since every type ap-
pears in the codomain of some type.

From here we wish to produce the corresponding function for
gradual types. We should compose the concretization function with
the collecting semantics, i.e., ÛF � �, but the result of this is some
arbitrary collection of static types. How do we get from here back
to gradual types? For this, we define an abstraction function, which
represents the collection of static types as precisely as it can in
terms of a gradual type.

Definition 5 (Abstraction). Let the abstraction (partial) function
↵ : P(TYPE) * GTYPE be defined as follows:

↵({ Int }) = Int

↵({Bool }) = Bool

↵({T
i1 ! T

i2 }) = ↵({T
i1 }) ! ↵({T

i2 })
↵(;) is undefined

↵(ÛT ) = ? otherwise

Not just any function from sets of static types to gradual types
will do; the abstraction function satisfies two correctness criteria.

Proposition 3 (↵ is Sound). If ÛT is not empty, then ÛT ✓ �(↵(ÛT )).
Soundness ensures that ↵ retains all of the types that are repre-

sented by the collection ÛT . A constant function that maps every col-
lection ÛT to ? meets this criterion, but it is not satisfying because it
unnecessarily loses precision: it forgets everything we knew about

Û
T . At the least we want ↵(�(eT )) = e

T for every gradual type e
T .

The function ↵ achieves this and more.

Proposition 4 (↵ is Optimal). If ÛT is not empty and ÛT ✓ �(eT )
then ↵(ÛT ) v e

T .

Optimality ensures that ↵ always retains as much precision as
possible, given the gradual types that we have available and their
meaning via �.c In fact, the optimal ↵ is uniquely determined by �.

Using the abstraction function, we specify the gradual lifting of
partial functions on types.d

Definition 6 (Gradual Function). Let F : TYPE2
* TYPE be

some partial function on static types. Then we define its gradual
lifting e

F : GTYPE2
* GTYPE as follows:

e
F (eT1, eT2) = ↵(ÛF (�(eT1), �(eT2)).

We generalize to finite arity partial functions.

Lifting domains and codomains. As a first example, we use the
collecting codomain function to show that

›
cod(?) = ↵(ĉod(�(?))) = ↵(ĉod(TYPE)) = ↵(TYPE) = ?

Also, just like its static counterpart,›cod is partial:

›
cod(Int) = ↵(ĉod(�(Int))) = ↵(ĉod({ Int })) = ↵(;), undefined

More generally, cod and›cod coincide on static types.

Proposition 5.

1. fidom(T ) = e
T iff T = T1 ! T2 and e

T = T1 for some T1, T2.
2. ›cod(T ) = e

T iff T = T1 ! T2 and e
T = T2 for some T1, T2.

Furthermore, fidom(eT ) and ›cod(eT ) are defined if and only if
e
T ⇠ (fidom(eT ) !›cod(eT )), which is what we expect from a grad-
ual type that can be used as a function.

Lifting equate. The equate partial function forces static types
to be equal, but how shall we “equate” imprecise gradual types?
Garcia and Cimini (2015) informally argue that‡equate should be
the meet operator u on gradual types:

e
T1 u e

T2 = ↵(�(eT1) \ �(eT2))

Using the AGT approach, we replace this intuition with a proof:

Proposition 6. ‡equate(eT1, eT2) = e
T1 u e

T2.

Note that eT1 u e
T2 is defined if and only if eT1 ⇠ e

T2. Thus, our use
of u captures the expected relationship between the types of the
branches: they must be consistently equal. The above ↵-�-based
definition of meet would be hard to implement since it involves
generating infinite sets of types. However, we can calculate a de-
cidable characterization of meet by cases on pairs of gradual types.
The result is a subset of the meet of Siek and Wadler (2010): their
meet exploits an inconsistent ? gradual type to lazily propagate
failures, while our meet fails eagerly because ↵ is undefined for the
empty set.

Proposition 7.
1. Int u Int = Int;
2. Bool u Bool = Bool;

c In abstract interpretation terminology, soundness and optimality together
are called a Galois connection.
d The gradual partial function could be made total by introducing a bottom
gradual type ? which abstracts ;; we leave this type undefined to preserve
the partiality intuitions from the static typing world.
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� ( ⌧ ⌘ case (�, ⌧) of

(?,�) ) ⌧

| (�, ?) ) ?
| ([l1 : s1, . . . , ln : sn], [l1 : t1, . . . , lm : tm]) where n  m )

[l1 : s1 ( t1, . . . , ln : sn ( tn]
| ([l1 : s1, . . . , ln : sn], [l1 : t1, . . . , lm : tm]) where n > m )

[l1 : s1 ( t1, . . . , lm : sm ( tm, lm+1 : sm+1, . . . , ln : sn]
| (�,�) ) �

(�1 ! �2) ( (⌧1 ! ⌧2) = (�1 ( ⌧1)! (�2 ( ⌧2)

With the merge operator, we have the following diagram:

�

�

0

.
::uuuuuuuuuu

⇠
// (�0 ( �)

<:

OO

Proposition 3 (Basic Properties of ().

1. (� ( �) = �

2. � ⇠ (� ( ⌧)
3. If � . ⌧ then (� ( ⌧) <: ⌧ .

The cast insertion judgment � ` e e

0 : ⌧ translates an expression e in the
environment � to e

0 and determines that its type is ⌧ . The cast insertion rule for
method invocation (on known object types) is defined as follows using �

0
( �

as the target of the cast on e2.

(CIvk2)
� ` e1  e

0
1 : [. . . , l : � ! ⌧, . . .] � ` e2  e

0
2 : �

0
�

0 . �

� ` e1.l(e2) e

0
1.l(hh(�0 ( �) ( �

0iie02) : ⌧

In the case when �

0 = �, we do not insert a cast, which is why we use the
following helper function.

hh⌧ ( �iie ⌘ if � = ⌧ then e else h⌧ ( �ie

The rest of the translation rules are straightforward. Fig. 2 gives the full defini-
tion of the cast insertion translation.

The cast-insertion judgment subsumes the gradual type system and addi-
tionally specifies how to produce the translation. In particular, a cast-insertion
derivation can be created for precisely those terms accepted by the type system.

Proposition 4 (Cast Insertion and Gradual Typing).
� `

G

e : ⌧ i↵ 9e0. � ` e e

0 : ⌧ .

When there is a cast insertion translation for term e, the resulting term e

0

is guaranteed to be a well-typed term of the intermediate language. Lemma 1 is
used directly in the type safety theorem.

Siek & Taha: Gradual Typing for Objects (2008)

Plus: Operational Semantics
Discards “Useless” Casts

AGT
Question: when is evidence “useless”?



"12 ` U1 . U2
<latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit>

PROP 1: IRRELEVANT EVIDENCE

x
x

x
x

x

x x

x
x

� �

↵ ↵

hU 0
1, U

0
2i

<latexit sha1_base64="JDWrXqPBJ6fejMloR7h9mMr2r2A="></latexit><latexit sha1_base64="JDWrXqPBJ6fejMloR7h9mMr2r2A="></latexit><latexit sha1_base64="JDWrXqPBJ6fejMloR7h9mMr2r2A="></latexit><latexit sha1_base64="JDWrXqPBJ6fejMloR7h9mMr2r2A="></latexit>
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U1 . U2
<latexit sha1_base64="Gp9NnE+Stx5ubOqmsF8Oj4IOoUs="></latexit><latexit sha1_base64="Gp9NnE+Stx5ubOqmsF8Oj4IOoUs="></latexit><latexit sha1_base64="Gp9NnE+Stx5ubOqmsF8Oj4IOoUs="></latexit><latexit sha1_base64="Gp9NnE+Stx5ubOqmsF8Oj4IOoUs="></latexit> hU 0

1, U
0
2i

<latexit sha1_base64="JDWrXqPBJ6fejMloR7h9mMr2r2A="></latexit><latexit sha1_base64="JDWrXqPBJ6fejMloR7h9mMr2r2A="></latexit><latexit sha1_base64="JDWrXqPBJ6fejMloR7h9mMr2r2A="></latexit><latexit sha1_base64="JDWrXqPBJ6fejMloR7h9mMr2r2A="></latexit>
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<latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit>
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x
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x
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U1 . U2
<latexit sha1_base64="Gp9NnE+Stx5ubOqmsF8Oj4IOoUs="></latexit><latexit sha1_base64="Gp9NnE+Stx5ubOqmsF8Oj4IOoUs="></latexit><latexit sha1_base64="Gp9NnE+Stx5ubOqmsF8Oj4IOoUs="></latexit><latexit sha1_base64="Gp9NnE+Stx5ubOqmsF8Oj4IOoUs="></latexit>

hU1, U2i
<latexit sha1_base64="2hZ4vt4KccYcD3D7OjLvP1H2zXA="></latexit><latexit sha1_base64="2hZ4vt4KccYcD3D7OjLvP1H2zXA="></latexit><latexit sha1_base64="2hZ4vt4KccYcD3D7OjLvP1H2zXA="></latexit><latexit sha1_base64="2hZ4vt4KccYcD3D7OjLvP1H2zXA="></latexit>

hU1, U2i
<latexit sha1_base64="2hZ4vt4KccYcD3D7OjLvP1H2zXA="></latexit><latexit sha1_base64="2hZ4vt4KccYcD3D7OjLvP1H2zXA="></latexit><latexit sha1_base64="2hZ4vt4KccYcD3D7OjLvP1H2zXA="></latexit><latexit sha1_base64="2hZ4vt4KccYcD3D7OjLvP1H2zXA="></latexit>

Mirrored Runtime Evidence
Adds Nothing  Locally

? . [x : Bool]
<latexit sha1_base64="KZlmWGYmzG6bK9duJfRLJU1S0c4="></latexit><latexit sha1_base64="KZlmWGYmzG6bK9duJfRLJU1S0c4="></latexit><latexit sha1_base64="KZlmWGYmzG6bK9duJfRLJU1S0c4="></latexit><latexit sha1_base64="KZlmWGYmzG6bK9duJfRLJU1S0c4="></latexit>

[x : Int] . ?
<latexit sha1_base64="0Sc/UqTgGnL09IDyLwx/oQKuB0A="></latexit><latexit sha1_base64="0Sc/UqTgGnL09IDyLwx/oQKuB0A="></latexit><latexit sha1_base64="0Sc/UqTgGnL09IDyLwx/oQKuB0A="></latexit><latexit sha1_base64="0Sc/UqTgGnL09IDyLwx/oQKuB0A="></latexit>

But may matter globally

[x : Int] 6. [x : Bool]
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eT1 . eT2

eT2 . eT3

eT1 . eT3

Int . ? and ? . Bool but Int 6. Bool

` et0 : eT` et : eT

But sometimes it is!
(e.g., static subtyping)
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U1 . U2
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hU1, U2i
<latexit sha1_base64="2hZ4vt4KccYcD3D7OjLvP1H2zXA="></latexit><latexit sha1_base64="2hZ4vt4KccYcD3D7OjLvP1H2zXA="></latexit><latexit sha1_base64="2hZ4vt4KccYcD3D7OjLvP1H2zXA="></latexit><latexit sha1_base64="2hZ4vt4KccYcD3D7OjLvP1H2zXA="></latexit>



PROP 2: TRANSITIVE “KERNEL”

x
x

x
x

x

x x

x

x

� �

↵ ↵

36

U1 . U2
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hU1, U2i
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No “stray points” in
concretization

U1 <: U2
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Static Subtyping for
Gradual Types!
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U1 . U2
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hU1, U2i
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hInt, Inti ` ? . ?
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hInt, Inti ` ? . Int
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hInt, Inti ` Int . ?
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But instances may acquire 
relevant evidence at runtime!
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T1 <: T2
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U1 <: U2
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U1 . U2
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While the type system is straightforward to define, more care is needed to
define 1) a type checking algorithm and 2) an operational semantics that takes
subtyping into account. In this section we discuss the di�culties in defining a
type checking algorithm and present a solution.

It is well known that a type checking algorithm cannot use the subsumption
rule because it is inherently non-deterministic. (The algorithm would need to
guess when to apply the rule and what target type to use.) Instead of using
subsumption, the standard approach is to use the subtype relation in the other
typing rules where necessary [41]. The following is the result of applying this
transformation to our gradually typed method invocation rule.

� ` e1 : [. . . , l : � ! ⌧, . . .] � ` e2 : �

0
�

0
<: �

00
�

00 ⇠ �

� ` e1.l(e2) : ⌧

This rule still contains some non-determinacy because of the type �

00. We need
a combined relation that directly compares �

0 and �.
Fortunately there is a natural way to define a relation that takes both type

consistency and subtyping into account. To review, two types are consistent
when they are equal where both are known, i.e., � ⇠ ⌧ i↵ �|

⌧

= ⌧ |
�

. To combine
type consistency with subtyping, we replace type equality with subtyping.

Definition 3 (Consistent-Subtyping). � . ⌧ ⌘ �|
⌧

<: ⌧ |
�

Here we apply the restriction operator to types � and ⌧ that may di↵er according
to the subtype relationship, so we must update the definition of restriction to
allow for objects of di↵ering widths, as shown below.

�|⌧ = case (�, ⌧) of

(�, ?) ) ?
| ([l1 : s1, . . . , ln : sn], [l1 : t1, . . . , lm : tm]) where n  m )

[l1 : s1|t1 , . . . , ln : sn|tn ]
| ([l1 : s1, . . . , ln : sn], [l1 : t1, . . . , lm : tm]) where n > m )

[l1 : s1|t1 , . . . , lm : sm|tm , lm+1 : sm+1, . . . , ln : sn]
| (�,�) ) �

(�1 ! �2)|(⌧1!⌧2) = (�1|⌧1)! (�2|⌧2)

The following proposition allows us to replace the conjunction �

0
<: �

00 and
�

00 ⇠ � with �

0 . � in the gradual method invocation rule.

Proposition 2 (Properties of Consistent-Subtyping). The following are
equivalent:

1. � . ⌧ ,
2. � <: �

0 and �

0 ⇠ ⌧ for some �

0, and
3. � ⇠ �

00 and �

00
<: ⌧ for some �

00.

[Siek 08] Gradual Typing for Objects

Same “Gradual Subtyping” Relation

2 => 1 and 3 => 1 are trivial
Need to think about converses
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U1 <: U2
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U1 . U2
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"12 ` U1 . U2
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hU 0
1, U

0
2i
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• ` U1 <: U2
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hU 0
1, U

0
2i `U1 . U2

• `U2 <: U3

• `U3 <: U4

...

• `Uk�2 <: Uk�1

hU 0
k�1, U

0
ki `Uk�1 . Uk
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hU 0
1, U

0
2i `U1 . U2

• `U2 <: Uk�1

hU 0
k�1, U

0
ki `Uk�1 . Uk
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transitivity
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hU 0
1, U

0
2i `U1 . U2

• `U2 <: Uk�1

hU 0
k�1, U

0
ki `Uk�1 . Uk
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hU 0
1, U

0
2i `U1 . U2

hU 0
k�1, U

0
ki `Uk�1 . Uk
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Need to reconstruct the “gap”:
Threesome Calculus!

(eager checking semantics)



FURTHER WORK IN PROGRESS

Greatest-Fixed Point Characterization of Gradual Subtyping

Directly captures “transitive kernel” concept

May help with proofs/semantics

Proof of sparse/dense evaluation equivalence
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Gradual Session Types∗
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Session types are a rich type discipline, based on linear types, that lifts the sort of safety claims that come
with type systems to communications. However, web-based applications and microservices are often written
in a mix of languages, with type disciplines in a spectrum between static and dynamic typing. Gradual session
types address this mixed setting by providing a framework which grants seamless transition between statically
typed handling of sessions and any required degree of dynamic typing.

We propose Gradual GV as an extension of the functional session type system GV with dynamic types and
casts. We demonstrate type and communication safety as well as blame safety, thus extending previous results
to functional languages with session-based communication. The interplay of linearity and dynamic types
requires a novel approach to specifying the dynamics of the language.
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1 INTRODUCTION

It was the best of types, it was the worst of types.
Type systems are retreating from areas they used to dominate, with statically-typed languages

such as Java seen as old hat while dynamically-typed languages such as Javascript, Python, and R
are on the rise. Simultaneously, type systems are expanding into new domains, such as dependent
types in Agda, Coq, and Idris, effect types in Eff, Frank, and Koka, and session types in Links,
Scribble, and Singularity OS.
Gradually-typed languages reconcile these two trends. They permit one to assemble programs

with some components written in a statically-typed language and some in a dynamically-typed
language. Gradually-typed languages have been widely explored in both theory and practice,
beginning with contracts in Racket and continuing with Microsoft’s TypeScript and Facebook’s
Hack and Flow. Many systems, such as Racket and TypeScript TPD, rely on contracts or similar
constructs to ensure that dynamically-typed values adhere to statically-typed constraints when
values pass from one world to the other.
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Instrumentation Language “Cast Calculus”

Threesomes, With and Without Blame

⇤
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wadler@inf.ed.ac.uk

Abstract

How to integrate static and dynamic types? Recent work focuses
on casts to mediate between the two. However, adding casts may
degrade tail calls into a non-tail calls, increasing space consumption
from constant to linear in the depth of calls.

We present a new solution to this old problem, based on the
notion of a threesome. A cast is specified by a source and a target
type—a twosome. Any twosome factors into a downcast from the
source to an intermediate type, followed by an upcast from the
intermediate to the target—a threesome. Any chain of threesomes
collapses to a single threesome, calculated by taking the greatest
lower bound of the intermediate types. We augment this solution
with blame labels to map any failure of a threesome back to the
offending twosome in the source program.

Herman, Tomb, and Flanagan (2007) solve the space prob-
lem by representing casts with the coercion calculus of Henglein
(1994). While they provide a theoretical limit on the space over-
head, there remains the practical question of how best to imple-
ment coercion reduction. The threesomes presented in this paper
provide a streamlined data structure and algorithm for represent-
ing and normalizing coercions. Furthermore, threesomes provide a
typed-based explanation of coercion reduction.

Categories and Subject Descriptors D.3.3 [Language Constructs
and Features]: Procedures, functions, and subroutines

General Terms Languages, Theory

Keywords casts, coercions, blame tracking, lambda-calculus

1. Introduction

The old question of how to mix static and dynamic typing is attract-
ing renewed interest. On one side, Hejlsberg (2008) brings type
dynamic to C# 4.0, and on the other side, Tobin-Hochstadt and
Felleisen (2008) integrate static types into Scheme and Wall (2009)
adds optional static types to Perl 6. In these mixed settings, pro-
grammers and compilers should still be able to trust the results of
the static type checker, so run-time checks are needed to safeguard
the invariants established by the static type system. Recent work
mediates between static and dynamic regions using casts.

⇤ A preliminary version of this paper appeared in the informal proceedings
of the 2009 Workshop on Script to Program Evolution.

Permission to make digital or hard copies of all or part of this work for personal or
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for profit or commercial advantage and that copies bear this notice and the full citation
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POPL’10, January 17–23, 2010, Madrid, Spain.
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Building on the higher-order contracts of Findler and Felleisen
(2002), Wadler and Findler (2009) design the blame calculus to
serve as an intermediate language that integrates static and dynamic
typing. The blame calculus earns its name by tracking blame:
it maps run-time type errors back to their origin in the source
program. The Blame Theorem asserts that statically typed regions
of a program can never be blamed for run-time type errors.

However, there is concern that the casts used in the blame
calculus impose too much run-time overhead. Findler and Felleisen
(2002) observed that contracts may degrade a tail call into a non-tail
call and Herman et al. (2007) noted that the same is true for casts.
This concern prompted the ECMAScript 4.0 committee (Hansen
2007) and the designers of Thorn (Wrigstad et al. 2009) to consider
compromises such as like types that do not require casts.

Herman et al. (2007) use the coercion calculus of Henglein
(1992, 1994) to represent and compress sequences of casts. Any
coercion normalizes to a coercion of bounded size, thereby limiting
the run-time space overhead to a constant factor. Siek et al. (2009)
augment the coercion calculus with blame tracking to obtain a
space-efficient implementation of the blame calculus.

In this paper we present a new solution to the space problem,
based on the notion of a threesome. Traditionally, a cast is specified
by a source and a target type—a twosome. We show that any
twosome factors into a downcast from the source to an intermediate
type, followed by an upcast from the intermediate to the target—a
threesome. We also show that any chain of threesomes collapses to
a single threesome, calculated by taking the greatest lower bound of
the intermediate types. We then augment this solution with blame
labels so as to map any failure of a threesome back to the offending
twosome in the source program.

Threesomes are designed to correspond to twosomes and two-
somes are designed to correspond to Henglein’s coercions. So it
is not surprising that threesomes correspond to Henglein’s coer-
cions. Nonetheless, it is a pleasant validation of our design that
threesomes turn out to be exactly isomorphic to Henglein’s coer-
cions in normal form. Coercion normalization is an iterative pro-
cess, whereas composition of threesomes is a direct recursive defi-
nition. Thus, we believe that the alternative view offered by three-
somes may make possible a more efficient implementation than one
based directly on the coercion calculus.

The rest of the paper begins with a review of the blame calcu-
lus (Section 2). Then, to factor the presentation of the threesome
calculus, we present a simplified version that captures the main in-
tuitions and detects cast failures appropriately, but does not track
blame (Section 3). We prove that the simplified version is correct
and space efficient. Section 4 presents the complete threesome cal-
culus with support for blame tracking and proves that it is correct
(equivalent to the blame calculus). Section 5 shows that the three-
some calculus is isomorphic to a coercion-based calculus of Siek
et al. (2009). Some of the proofs are in-line and the rest are in
the Appendix. We explain the relationship between our results and
prior work in Section 6.


